Abstract. We study the divisibility by 3 k of Kloosterman sums K(a) over finite fields of characteristic 3. We give a new recurrent algorithm for finding the largest k, such that 3 k divides the Kloosterman sum K(a). This gives a new simple test for zeros of such Kloosterman sums.
Introduction
Let F = F q be a field of characteristic p of order q = p m , where m ≥ 2 is an integer and let F * = F \ {0}. By F p denote the field, consisting of p elements. For any element a ∈ F * the Klosterman sum can be defined as
where ω = exp 2πi/p is a primitive p-th root of unity and (1.2) T r(x) = x + x p + x p 2 + · · · + x p m−1 .
Recall that under x −i we understand x p m −1−i , avoiding by this way a division into 0.
Kloosterman sums are used for solutions of equations over finite fields [19] , in the theory of error correcting codes [18] , for studying and constructing of bent and hyperbent functions [8, 16] and so on. Surely, any Kloosterman sum K(a) for a given a can be found directly computing its value for every element of the field, but this method requires a large amount of computations, which is a multiple of the size of the field. Hence more simple methods of computations of Kloosterman sums are quite interesting. The values of characteristic p ∈ {2, 3} are especially interesting in connection with the number of q-rational points of some elliptic curves [17, 18, 20, 23] . Divisibility of binary Kloosterman sums by numbers 8, 16, . . . , 256 and computations of such sums modulo some numbers was considered in papers [6, 7, 14, 10, 11, 12, 15, 20, 21, 24] . Divisibility of ternary Klosterman sums K(a) by 9 and by 27 was considered in [11, 12, 13, 14, 20, 21] .
Furthermore, in [11, 12, 13] a complete characterization of K(a) modulo 9, 18 and 27 was obtained for any m and a.
In the recent papers [2, 3] we provide two algorithms to find the maximum divisor of K(a) of type 2 k . Similar results for the case p = 3 have been announced in [4] and here we prove these results. In particular, we give a simple test of divisibility of K(a) by 27. We suggest also a new recursive algorithm of finding the largest divisor of K(a) of the type 3 k which needs at every step the limited number of arithmetic operations in F. For the case when m = g h we derive the exact connection between the divisibility by 3 k of K(a) in F 3 g , a ∈ F 3 g , and the divisibility by 3
Known results
In this section we state the known results about Kloosterman sums K(a) [20, 23] and elliptic curves E(a) [9, 22] over finite fields F of characteristic 3. Our interest is the divisibility of such sums by the maximal possible number of type 3
For a given F and any a ∈ F * define the elliptic curve E(a) as follows:
The set of F-rational points of the curve E(a) over F forms a finite abelian group, which can be represented as a direct product of a cyclic subgroup G(a) of order 3 t and a certain subgroup H(a) of some order s (which is not multiple to 3):
for some integers t ≥ 2 and s ≥ 1 (see [9] ), where s ≡ 0 (mod 3). Moisio [23] showed that
where |A| denotes the cardinality of a finite set A (earlier the same result was obtained in [17] for the curve y 2 + xy + ay = x 3 ). Therefore a Kloosterman sum K(a) is divisible by 3 t , if and only if the number of points of the curve E(a) is divisible by 3 t . Lisonek [20] observed, that |E(a)| is divisible by 3 t , if and only if the group E(a) contains an element of order 3 t .
Since |E(a)| is divisible by |G(a)|, which is equal to 3 t , then generator elements of G(a) and only these elements are of order 3 t .
Let Q = (ξ, * ) ∈ E(a). Then the point P = (x, * ) ∈ E(a), such that Q = 3P exists, if and only if the equation
has a solution in F (see [9] ). This equation is equivalent to equation
The equation (2.3) is solvable in F if and only if (see, for example,
Since the point (a 1/3 , a 1/3 ) of E(a) has the order 3, and hence belongs to G(a), then solving the recursive equation
with initial value x 0 = a 1/3 , we obtain that the point (
and the point (x t−1 , * ) is a generator element of G(a). Such algorithm of finding of cardinality of G(a) was given in [1] . Similar method was presented in our previous papers [2, 3] for finite fields of characteristic 2. Besides, some another results have been obtained in [2, 3] for the case p = 2. Our purpose here is to generalize these results for finite fields of characteristic 3.
New results
We begin with a simple result. It is known [1, 14, 21] , that 9 divides K(a) if and only if T r(a) = 0. In this case a can be presented as follows: a = z 27 − z 9 , where z ∈ F, and, hence x 0 = a 1/3 = z 9 − z 3 (see (2.5)). We found the expression for the next element x 1 , namely:
and, therefore, from the condition (2.4), the following result holds.
Proposition 3.1. Let a ∈ F * and T r(a) = 0, i.e. a can be presented in the form:
, and, therefore, K(a) is divisible by 27, if and only if
This condition (3.1) is more compact than the corresponding condition from the papers [12, 13] , where it is proven that K(a) is divisible by 27, if Tr(a) = 0 and 2 1≤i≤j≤m−1
Emphasize once more, that similar conditions permit in [11, 12, 13] to find all values of K(a) modulo 9, 18 and 27, while the condition (3.1) gives only divisibility of K(a) by 27.
Similar to the case p = 2 [2, 3] , we give now also another algorithm to find the maximal divisor of K(a) of the type 3 t , which requires at every step the limited number of arithmetic operations in F. Let a ∈ F * be an arbitrary element and let u 1 , u 2 , . . . , u ℓ be a sequence of elements of F, constructed according to the following recurrent relation (compare with (2.5)):
where (u 1 , * ) ∈ E(a) and
Then the following result is valid.
Theorem 3.2. Let a ∈ F * and let u 1 , u 2 , . . . , u ℓ be a sequence of elements of F, which satisfies the recurrent relation (3.2), where the element u 1 satisfies (3.3) and (u 1 , * ) ∈ E(a). Then there exists an integer k ≤ m such that one of the two following cases takes place: (i) either u k = a 1/3 , but the all previous elements u i are not equal to a 1/3 ;
(ii) or u k+1 = u k+1+r for a certain r and the all elements u i are different for i < k+1+r.
In the both cases the Kloosterman sum K(a) is divisible by 3 k and is not divisible by
Proof. Let a ∈ F * and let u 1 , u 2 , . . . , u ℓ be a sequence of elements of F, which satisfies the recurrent relation (3.2), where the element u 1 satisfies (3.3) and the point P 1 = (u 1 , * ) belongs to E(a). Assume that E(a) has the order 3 t · s, where s is prime to 3. We have to show that k = t. Denote P i = (u i , * ). Since P 1 = (u 1 , * ) belongs to E(a), it follows from the addition operation in the additive abelian group E(a) ( Table 2 .3 in [9] ) and from (3.2), that for i ≥ 2 all points P i belongs to E(a) and P i = 3 i−1 P 1 for i ≥ 2.
There are only two possibilities: either P 1 ∈ G(a), or P 1 ∈ E(a) \ G(a).
First consider the case P 1 ∈ G(a). We claim that the condition (3.3) implies that P 1 is a generating element of the (cyclic) group G(a). Indeed, assume that it is not the case. Then it means that there is the point Q ∈ G(a) such that P 1 = 3 Q. Assuming that Q = (x, * ) and using the addition operation in E(a) [9] , we arrive to the following equation for x: 3) . We conclude that P 1 is a generating point of G(a) and, therefore, has the order 3
t . This means that the point P t = (u t , * ) = 3 t−1 P 1 is of the order 3. Since there are exactly two points in E(a) of the order 3 [9] , namely, the points (a 1/3 , ±a 1/3 ), it means that for any i ≤ t − 1 we have that u i = a 1/3 . Therefore, k = t and K(a) is divisible by 3 t .
Now consider the case when P 1 ∈ E(a) \ G(a). Then the order d of the point 3 t P 1 = (u t+1 , * ) divides s. The point d P 1 belongs to the cyclic group G(a), and it is a generating element, since the equality dP 1 = 3Q for some Q ∈ E(a) implies the equality P 1 = 3Q ′ , that contradicts to (3.3) . Therefore the order of the point P 1 is equal to d · 3 t and K(a) is divisible by 3 t .
Denote by r the least integer, such that d divides 3 r − 1 or 3 r + 1. Then we have the following equalities: in the first case
and in the second case
In the both cases we obtain, that u t+1 = u t+1+r and our sequence u 1 , u 2 , . . . , u ℓ becomes periodic with a period r, starting from the elemnt u t+1 .
Remark 3.3. It is clear, that, for the case (ii) of Theorem 1, this algorithm needs k + r computations of values
for finding the largest divisor of K(a) of the type 3 k . Besides, the following lower bound for the number of F-rational points of the curve E(a) is valid:
and, respectively, the following upper bound for the value of Kloosterman sum K(a) takes place:
Directly from Theorem 3.2 we obtain the following necessary and sufficient condition for an element a ∈ F * to be a zero of the Kloosterman sum K(a). Example 3.5. Suppose the field F of order 3 5 is generated by φ(x) = x 5 +x 4 +x 2 +1 and its root α is a primitive element of F. Take a = α 31 . Following to Statement 3.7, present a as a = z 27 − z 9 . We find that z ∈ {α 16 It means that we find the exact divisor 3 k of K(α 31 ) and the maximal cyclic subgroup G(α 31 ) of the curve E(α 31 ) is of the order 27. The x-th coordinates of all points (x, * )
of the cyclic group G(α 31 ) are presented below as a graph, which gives all possible nine As the condition (2.4) for all elements of the last third level (numeration of the levels 0, 1, . . . is starting from the top) is not satisfied, then k = 3, and we conclude that K(α 31 ) is divisible by 27 (indeed, K(α 31 ) = 27). Note that all points
corresponding to the i-th level of the graph satisfy the condition 3 We again conclude that k = 3 (and here r = 2).
Assume now that the field F q of order q = 3 m is embedded into the field F q n (n ≥ 2), and a is an element of F * q . Recall that
For any elements a ∈ F q and b ∈ F q n define
where ω is a primitive 3-th root of unity. For a given a ∈ F * q it is possible to consider the following two Kloosterman sums:
Denote by H(a) the maximal degree of 3, which divides K(a), and by H n (a) the maximal degree of 3, which divides K n (a). Recall that in the case, when K(a) = 0 over F q , where q = 3 m , we assume that 3 m divides K(a), but 3 m+1 does not divide. There exists a simple connection between H(a) and H n (a).
Theorem 3.6. Let n = 3 h · s, n ≥ 2, s ≥ 1, where 3 and s are mutually prime, and a ∈ F * q . Then H n (a) = H(a) + h.
The proof follows from two simple statements.
Proposition 3.7. Let h = 0 (that is n and 3 are coprime). Then H n (a) = H(a).
Proof. By definition of the trace we have for any element x ∈ F q Tr(Tr q n →q (x)) = Tr(x + x q + x q 2 + · · · + x q n−1 ) = = Tr(x) + Tr(x q ) + Tr(x q 2 ) + · · · + Tr(x q n−1 ) = = n Tr(x) = = ± Tr(x), where the last equality follows, since n and 3 are coprime. Therefore, Tr q n →p (x) = 0 for any x ∈ F q , if and only if Tr q→p (x) = 0. And, since a, a 1/3 ∈ F q , then all solutions of the equation (2.5) belong to F q , that gives the statement. Proof. It is known [5] that (3.4) K 3 (a) = K(a) 3 − 3K(a) 2 + 3K(a) − 3qK(a).
Assume that K(a) is divisible by 3 k . Then it is easy to see that K 3 (a) is divisible by 3 k+1 and is not divisible by 3 k+2 .
From Theorem 3.6, recalling that equality K(a) = 0 over F q means divisibility of K(a) by q, we immediately obtain the following known result [21] .
Corollary 3.9. Let a ∈ F * q and n ≥ 2. Then K n (a) is not equal to zero.
